Abstract. We prove that the initial value problem x'(t) = g (t,x(t)
Introduction
Let (E, || • ||) be a real Banach space. We consider a partial ordering < on E induced by a cone K. A cone K is a closed convex subset of E with AK C K, A > 0, and Kn (-if) = {0}. Then x < y <*=>• y-x € K, and we use the notation x <C y for y -x £ Int K and K* for the dual cone, i.e., the set of all continuous linear functionals ip on E with <p(x) > 0, x > 0. The cone K is called normal if there is a 7 > 1 with 0 < x < y ||x|| < 7||?/||. Furthermore, we will use m± [x,y] = lim h~1(||x + hy\\ -||a;||), x,y G E.
h-*0±
For basic properties of a partial ordering of E by a cone as well as of m± see [5] . Now let / : [0, T] x E -E be continuous and bounded, and let a 6 E. We consider the initial value problem Various existence and uniqueness theorems for problem (1) are known, demanding and combining conditions (2) , (4) and (5); see, e.g., [1] , [2] , [3] , [4] , [5] , and [7] . In general, condition (5) with L < 0 is considered as generalization of decreasing functions in one dimension. Less seems to be known for functions satisfying (3) . In this paper, we will prove the following assertion. 
Let g,h : [0,T] x E -> E be continuous and bounded with the following properties:
a) g satifies (5), b) h, satisfies (3), c ) f '•-9 + h satisfies (4).
Then the initial value problem (1) is uniquely solvable on [0,T].
Remarks. 1) If if is a regular cone then (1) is already solvable on [0,T], if / is satisfying (4), see [4] .
2) Setting g = 0, Theorem 1 implies that (1) is uniquely solvable if / satisfies (3) and (4). See Example 2 for such a function / for which (5) does not hold. Therefore Theorem 1 is no consequence of Martin's theorem; see [5] , p. 232.
3) According to [6] , p. 215, a Banach space with a normal cone can be renormed with an equivalent norm for which 7 = 1. Therefore, if g = 0, Theorem 1 holds without the condition 7 = 1.
4) See Example 1 for a function / satisfying (3), but for which (1) is not solvable.
Proof of Theorem 1
To prove Theorem 1 we will need the following property of m + . Let the cone K be as in Theorem 1, and let x > 0 and y < 0. Then 0 <C x + hy < x for h > 0 sufficiently small which implies ||x-(-%|| < ||®||. Therefore we have [6] x, y e E, x > 0, y < 0 m+[x, y] < 0.
Existence and uniqueness theorem 737
Remark that
Proof of Theorem 1. Since K is normal and Int A' / 0 we have, according to a construction of Lemmert, Schmidt and Volkmann [4] , that there are sequences (u n )™ =1 and (v*)^ in C 1 ([0, T], E) with the following properties: Setting r n = u' n -/(•, u") and s n = v' n -/ (•, v n ) , n e N, we have (7) r n (i) < r"+i(i) < 0 < s" +1 (i) < s n (t), t € [0,T], n G N, and «"(0) < u n+1 (0) < a < v"+i(0) < v n (0), n e N, and lim u n (0) = lim v n (0) -a.
n-too n-+oo Since / satisfies (4) we have, according to (7) (cf. [4] , [8] ), 
10) u n (t) < x(t) < v n (t), n£ N, te[0,T],
for every solution x of (1).
Now, for m,tiEN and t € (0, T], we have ||«m -Wn||-(i) = = m-[u m (t) -u n (t),u' m (t) -<(*)] = m-[u m (t) -u n (t),r m (t) -r n (t) + (f(t,u m (t)) -f(t,u n (t)))] < m-[u m (t) -u n (t),g(t,u m (t)) -g(t,u n (t))] + rn+[u m (t) -u n (t),h(t,u m (t)) -h(t,u n (t))]
+ IM0II + IM0II-Now the properties of g and h together with (9) and (6) imply ||«m-«"|r_(i) < ¿||ttm(i)-"n(OII + lkm(i)ll + ll»-n(i)ll» G * G (0,T]. This together with (8) implies the uniform convergence of («"JJJLj on [0, T] to a solution u of (1). Analogously, converges uniformly on [0,T] to a solution u of (1). According to (10), we have u(t) < u(t), Now for n e N and t £ (0, T] we have
K -«"Duo = = m-[v n (t) -u n {t),s n {t) -r n (t) + (/(<, v n (t)) -f(t, «"(«)))] < m_[v n (i) -u n (t),g(t,v n (t)) -g(t,u n (t))] + m+[v n (t) -tt n (f), h(t, v n (t)) -h(t, u n (t))] + ||a n (i)|| + ||r"(i)||, which implies
IK -u»ir_(i) < L\\v n {t) -ii"(i)|| + ||a"(0ll + IMOII. « G (0,r], n 6 N.
Since lim (i>"(0) -u n (0)) = 0 and according to (8) we have lim v n (t) -
, and therefore u = u. According to (10), u = u is the unique solution of (1).
•
Examples
The first example shows that the initial value problem (1) can be unsolvable if / satisfies (3). defined by
If k is monotone increasing we have
and therefore f(t, 
